Abstract: We present results for the SU (3) breaking ratios of decay constants f Ds /f D and f Bs /f B and -for the first time with physical pion masses -the ratio of bag parameters B Bs /B B d , as well as the ratio ξ, forming the ratio of the nonpeturbative contributions to neutral B (s) meson mixing. Our results are based on Lattice QCD simulations with chirally symmetric 2+1 dynamical flavors of domain wall fermions. Eight ensembles at three different lattice spacing in the range a = 0.11 − 0.07 fm enter the analysis two of which feature physical light quark masses. Multiple heavy quark masses are simulated ranging from below the charm quark mass to half the bottom quark mass. The SU (3) breaking ratios display a very benign heavy mass behaviour allowing for extrapolation to the physical bottom quark mass.
Introduction
In the Standard Model (SM) one can parameterise the QCD contribution to weak decays of charged pseudoscalar mesons (e.g. B ± , D ± and D ± s ) into a lepton and a neutrino via the leptonic decay constants f B ± and f D ± (s)
. Similarly the mass difference between the two mass eigenstates of neutral mesons, which mix under the weak interaction, (e.g. B 0 −B 0 and B 0 s −B 0 s mixing) can be parametrised colorred in terms of Standard Model free parameters and experimentally known quantities. Both these parametrisations involve elements of the CKM matrix, which are not known a priori. However, the structure of the SM constrains this matrix to be unitary, so by independent precise determinations of the elements of this matrix, its unitarity can be tested and hence tests of the SM performed.
For charged pseudoscalar mesons P with quark contentq 2 q 1 experiments measure the decay rates Γ(P → lν l ) which can be expressed as Γ(P → lν l ) = |V q 2 q 1 | 2 f 2 P K 1 + O(α EM ).
(1.1)
Here K 1 are perturbatively known expressions, V q 2 q 1 is the relevant CKM matrix element and f P is the decay constant. When electromagnetic effects are neglected (c.f. equation (1.1)), the decay rate factorises and hence precise knowledge of the non-perturbative quantity f P allows for an extraction of the CKM matrix element under consideration. These decay rates have been measured for P ± = D ± (s) and B ± by CLEO-c [1-7], BaBar [8, 9] , Belle [10, 11] and BESIII [12, 13] . After accounting for the perturbative contributions K 1 , we can identify the product of the relevant CKM matrix element and the charged decay constants (f P ) as summarised by the Particle Data Group (PDG) [14] leading to the following global averages: in full agreement with the PDG value, but with a slightly reduced error. Similarly, the mass differences between the mass eigenstates of the B 0 −B 0 and B 0 s −B 0 s systems can be measured to great precision as oscillation frequencies. When considering the mixing of B 0 (s) mesons in the SM, the right diagram in Figure 1 is dominated by top loops (i.e. q = q = t) and therefore by short distance contributions. The SM prediction of the mass differences ∆m d and ∆m s (for P = B 0 , B 0 s , respectively) can again be expressed as a function of known perturbative factors (K 2 ), CKM matrix elements and non-perturbative quantities such as decay constants f P and renormalisation group invariant bag parameterŝ B P , i.e. ∆m q = V where the first error is statistical and the second systematical. Note that the perturbative factor K 2 in (1.4) cancels in the ratio ∆m s /∆m d leading to Similar to the case of leptonic decays, precise predictions of the non-perturbative quantities f P andB P (for P = B 0 (s) ) enables the extraction of |V ts /V td |. The current central values and one σ error band for the CKM matrix elements as determined by the CKMfitter group [41, 42] (left) and the UTfit [43] = |V ts | = 0.04124 (56) .
(1.7)
The CKMfitter [41, 42] (left) and UTfit [43] (right) groups quotes their current best estimate for the ratios |V cd /V cs | and |V td /V ts | 1 to be 0.230730 (1.8)
Further detail on how the numbers in equations (1.7) and (1.8) are obtained are given in Ref. [41] [42] [43] . The non-perturbative quantities f P andB P can be calculated in lattice QCD. The bare decay constants and bare bag parameters are defined as 0 A µ q 1 q 2 P (p) = if P p µ P (1.9) and B P = P 0 O V V +AA P 0 8/3f 2 P m 2 P , (1.10)
where P is the pseudoscalar meson under consideration with four-momentum p µ and mass m P . In particular we will consider P = D (s) , B (s) , i.e. q 2 = c, b and q 1 = u/d, s. A µ q 1 q 2 is the axial vector current defined by A µ q 1 q 2 =q 2 γ µ γ 5 q 1 and the four-quark operator O V V +AA is given by (q 2 γ µ (1 − γ 5 )q 1 ) (q 2 γ µ (1 − γ 5 )q 1 ). Quark flow diagrams that describe these processes are shown in Figure 1 .
In this paper we consider the leptonic weak decays of charged mesons (D ± , D ± s and B ± ) as well as the mixing of the neutral B 0 (s) -meson with its antiparticleB 0 (s)
2 . More specifically, we will consider ratios which are typically more precise since common factors 1 We thank Sébastian Descotes-Genon, Jérôme Charles and Marcella Bona for private communication of these results. 2 We use the notation B As was first pointed out in ref [44] , precise knowledge of SU(3) breaking ratios, such as B Bs /B B d , f Bs /f B and ξ, can be combined with the measured mass differences to extract the ratio |V td /V ts | from
(1.12)
As a result, we present constraints for the ratios |V cd /V cs | and |V td /V ts |. A summary of relevant lattice results for f Ds /f D , f Bs /f B , ξ and B Bs /B B d was presented by the Flavour Lattice Averaging Group (FLAG) [45] . Whilst lattice computations of heavylight decay constants have become more mature over the last few years, there are still only few results for direct simulations at the physical pion mass [46] [47] [48] . For the case of neutral meson mixing (B Bs /B B d and ξ) this is the first result that is obtained from simulations including physical pion masses.
For the ratio f Ds /f D FLAG averaged the results presented in refs. [48] [49] [50] [51] [52] [53] [54] [55] [56] . Since then two new results [46, 47] have been presented. Similarly, the ratio of decay constants f Bs /f B have also been computed by various lattice groups [47, [55] [56] [57] [58] [59] [60] [61] [62] . For ξ and B Bs /B B d only a few collaborations have published results [55, [62] [63] [64] [65] . For results in the b-sector, the lattice formulations of the heavy quark vary widely, leading to differing systematic errors. The results presented in this paper are obtained from a chirally symmetric action which renormalises multiplicatively and therefore is free of renormalisation uncertainties. A more detailed discussion of these results is presented in Section 5.
The remainder of this paper is organised as follows. In Section 2 we describe our ensembles, our choice of heavy quark discretisation and our strategy to obtain correlation functions. In Section 3 we describe our correlation function analysis to deduce the required energies and matrix elements, before addressing the global fit and the full error budget in Section 4. Section 5 provides a comparison of our results with the known literature. Table 1 . This table summarises the main parameters of the ensembles used for the presented calculation. All ensembles have N f = 2 + 1 flavours in the sea. C stands for coarse, M for medium and F for fine. The columns hits and N conf give the number of measurements on a given configuration and the total number of configurations used, respectively.
Section 6 assesses the phenomenological implications, such as the determination of ratios of CKM matrix elements before we conclude in Section 7. The status of this calculation was previously reported in [66, 67] .
Numerical simulations
We are performing this calculation in isospin symmetric lattice QCD with N f = 2 + 1 flavours, thereby capturing the dynamical effects of light (degenerate up and down) and strange quarks in the sea. We utilise RBC/UKQCD's N f = 2 + 1 ensembles with physical light quarks at a −1 ∼ 1.7, 2.4 GeV [68] and one ensemble with a finer lattice spacing of a −1 ∼ 2.8 GeV and m π ≈ 235 MeV [46] . We complement our dataset with RBC/UKQCD's heavier pion mass ensembles [69] [70] [71] , to guide the small correction of the fine ensemble towards the physical pion mass.
For the heavy quarks we adopt a similar strategy to our previous work [46] by simulating a range of heavy quark masses m h from slightly below the charm quark mass to approximately half the b quark mass. For the neutral meson mixing computation, we only consider the charge assignment suitable for B (s) meson mixing (cf. Figure 1 ), so that in the limit m h → m b , we recover the correct quantities for B (s) -meson mixing.
As we will lay out in Sections 2.1 and 2.2, our discretisation differs between the light/strange and the charm sector, resulting in a mixed action. In this work we solely focus on results for observables where the renormalisation constants cancel. Work is in process to calculate the required mixed-action renormalisation factors (as laid out in [46] ) in order to also obtain results for the individual decay constants and bag parameters, rather than their ratios. 
Ensemble properties
All ensembles use the Iwasaki gauge action [72] and the domain wall fermion action [73] [74] [75] [76] .
The ensembles with heavier pion masses (C1-2,M1-3) use the Shamir action approximation to the sign function [76, 77] , the remaining ensembles (C0, M0, F1) the Möbius action approximation with the same H T kernel [78] . The parameters of both of these actions are chosen such that they lie on the same scaling trajectory, allowing for a combined continuum limit [68] . Details of the main parameters of these ensembles are summarised in Tables 1  and 2.  Table 2 also describes the light and strange valence parameters. All light quarks are simulated at their unitary value am sea l = am val l , whilst the valence strange quark masses were tuned to their physical values as determined in refs [46, 68] . All propagators were generated using Z 2 -wall sources [79] [80] [81] . For the light and strange quark propagators, we used Gaussian smearing [82] [83] [84] to achieve a better overlap with the ground state. The smearing parameters σ and N σ are listed in Table 2 .
Heavy quark discretisation
In our previous work [46, 85] the limitations of our formalism prohibited the direct simulation of physical charm quark mass on the coarse ensembles. We therefore required a slight extrapolation in the heavy quark mass to reach the physical charm quark mass on our coarsest ensembles. We found that it is possible to increase the heavy-quark mass reach by stout smearing [86] the gauge fields prior to performing the charm quark inversions [66, 87] . A comparison of the effect on the residual chiral symmetry breaking parameter m res was presented in ref [66] . We found that three hits of stout smearing with the standard parameter ρ = 0.1 extends the reach in the heavy quark mass compared to our previous work [66, 87] . Table 3 lists the domain wall parameters as well as the quark masses that were used on the various ensembles. Since the charm quark is quenched in our calculations this has no additional unitarity implications which are not already present. Table 3 . Bare heavy quark masses in lattice units. 
Measurement strategy
The left panel of Figure 2 shows our set-up for the computation of two-point functions. These take the form 
Here q 1 and q 2 give the quark content of the meson and we consider the cases Γ i = γ 5 ≡ P (pseudoscalar) and Γ i = γ 0 γ 5 ≡ A (axial vector). ω s denotes that each propagator can be smeared (S) or local (L) at both the source and the sink. For the local case, ω reduces to a Kronecker-delta (i.e. ω L = δ x,y ). In principle we consider the cases s ∈ {LL, SL, LS, SS} for each of the two operators (where the first entry corresponds to the smearing of the source and the second entry to that of the sink). For the smeared case, ω s is obtained by Gaussian smearing via Jacobi iteration [82, 84, 88] , the parameters of which are given in Table 2 . In practice, we never smear the heavy quark propagator and always smear the source of the light and strange quark propagators. For the sink of the light and strange quark propagators we allow for both options. For the heavy-light systems under consideration we thus consider SL and SS only (dropping the indices corresponding to the heavy propagators). The overlap coefficients M
for state n are given by
where X n is the nth excited meson state X with the correct quantum numbers. In the remainder of this paper we will omit the label for the state if only one state is considered. The right panel of Figure 2 shows how we obtain the three point functions from which the bag parameters are determined. We create a state with the quantum numbers ofP at t = 0, let it propagate to the operator insertion t, where it is transformed to the state P and then annihilate this state at ∆T . Noting that the external states are always build from a smeared light (strange) propagator there is no need to label the smearing combination for the three point function C 3 (t, ∆T ). Considering the zero momentum projected three point function, we can rewrite the correlation functions as
where in the final line, we assumed that only the ground state contributes and that "aroundthe-world" contributions are negligible. The signal-to-noise ratio quickly deteriorates for large times so obtaining a signal in the low t region is favourable. Hence a trade off between choosing ∆T as small as possible without pollution from excited states is required, which will be discussed in section 3.2.
We place a Z 2 -wall source on every second time slice across the lattice, hence produce all required correlation functions (T /a)/2 times per configuration (cf. column hits in Table 1 ). These correlation functions are translated in time and binned into one effective measurement per configuration prior to any statistical analysis. In addition to improving the statistical signal, this allows us to compute the bag parameters for many source-sink separations ∆T (compare Figure 2 ) without needing to invert additional propagators. For a given ∆T these three point functions are obtained by contracting the propagators originating from different wall source positions with the four-quark operator. Finally, this multi-source approach allows us to make efficient use of the HDCG algorithm [89] , rendering this computation affordable.
Correlator analysis
We bin all measurements on a given configuration into one effective measurement. Prior to any analysis step, we make use of the last lines of equations (2.1) and (2.4) and symmetrise all two and three point correlation functions with respect to T /2 and ∆T /2, respectively and before restricting the data to the temporal extent from t ∈ [0, T /2] and t ∈ [0, ∆T /2], respectively.
We conservatively choose to illustrate all correlator fits for the heaviest mass point on the M0 ensemble, since this is a worst case scenario given the large difference between the physical light quark mass and the heavier-than-charm quark mass. The error propagation is carried out by using bootstrap resampling using 2000 bootstrap samples. We use different seeds for the random number generator for different ensembles, to avoid the introduction of any spurious correlations.
Two point function fits
We extract values for the masses and matrix elements by performing a simultaneous doubleexponential fit (i.e. n = 0, 1 in (2.1)) to six correlation functions in the interval t ∈ [t min , t max ). In particular we simultaneously fit the correlation functions C SL AA , C SS AA , C SL AP , C SS AP , C SL P P and C SS P P . From this we obtain the mass m i as well as the bare matrix elements
, where i = 0, 1 refers to the ground state and the first excited state, respectively. The result of such a fit is shown in the left hand panel of Figure 3 . The coloured data points (circles and squares) show the effective mass of the correlation functions that enter the fit, the grey horizontal band depicts the ground state mass that is obtained from a fit to the data in the range [t min , t max ) (indicated by the vertical dotted lines). The coloured shaded bands show the effective mass obtained by reconstructing the respective correlation functions from the fit-results. We can see that the data is well described by these fits. The results to all correlation functions fits are tabulated in the appendix in Table 6 .
Whilst for a pure ground state fit, the effective mass provides a visual cross-check of a plateau range in which one can approximate the correlation function as a single state, this is more difficult for fits including excited states. We circumvent this in the following: Assuming we are in a range where only the ground state and the first excited states contribute (and for simplicity restricting ourselves to t T /2), we can write
We now consider linear combinations of the form two matrix element factors in common. Furthermore we identify the factors X and Y with the excited state matrix element of the respective other correlation function which they do not have in common. More precisely, we construct the linear combinations | fit refer to the central values of the fit. We stress that this is applicable to any pair of two-point correlation functions that have the same spectrum and one matrix element in common. 3 If the fit describes the data well, the excited state contribution cancels in this difference and such an effective mass plot should show a plateau in the region of the fit. Furthermore this plateau needs to coincide with the fit result for the ground state energy. This procedure therefore serves as a strong a posteriori check.
The right panel of Figure 3 shows the effective masses of some of the linear combinations which can be obtained from the correlation functions. The grey horizontal band shows the ground state mass which is obtained from the fit. We note that in between the two vertical lines, the effective mass of the reconstructed data points lie within the grey band. In addition to this strong visual check, we also varied t min and t max to investigate stability under these changes. This is presented for the case of the heaviest heavy quark mass on 3 We note that if the backwards travelling contribution comes with the opposite sign between the two correlation functions in this difference, this only holds for values of t where temporal "around-the-world" effects are negligible. However for heavy-light quantities this contribution is suppressed by a factor smaller than e −ET /2 where the smallest simulated values are ET /2 ∼ 23. This is therefore negligible. ∆T/a the M0 ensemble in Figure 4 . All variations of the fit range are well within the quoted statistical uncertainty, particularly for the heavy-light case which dominates the error on all the presented ratios.
Bag parameter fits
Since we are interested in B P , we construct ratios in which the matrix elements M S P cancel (c.f. equation (2.4)). More precisely we construct ratios R(t, ∆T ) which, in the limit of large t and ∆T , plateau to the value of the bag parameter B P . ∆T/a Figure 6 . Same plot as Figure 5 but for the heavy-strange bag parameter. Note that the heavystrange quantity is nearly an order of magnitude more precise than the heavy-light one.
Figures 5 and 6 show example fits of such plateaux and the fits to them for the case of the heaviest heavy-light and heavy-strange mass points on M0, respectively.
Data analysis
From the fits to the correlation function data we have obtained decay constants and bag parameters for a range of charm quark and pion masses and lattice spacings. Due to the use of chiral fermions all of these observables renormalise multiplicatively. So by constructing the ratios f Ds /f D and ξ (see (1.11)) all renormalisation constants cancel, such that we can replaceB Bs /B B by B Bs /B B in the same equation. Some of the statistical noise and discretisation effects also cancel, making these observables cleaner. Figure 7 shows the ratio of decay constants (left) and the ratio of bag parameters (right) as a function of the inverse heavy-strange pseudoscalar meson mass. The behaviour of these ratios as a function of the heavy quark mass (set via a meson mass containing a heavy quark) is very benign, lending confidence to the use of inter/extrapolations in the heavy meson mass. By comparing the C0 and M0 ensembles (which are at the same pion mass, but differ in lattice spacing), we note that the discretisation effects appear to also be mild. We notice a stronger dependence on the pion mass, as is expected for SU (3)-breaking ratios, since in the limit of m π → m K they are identically unity. This is the first computation of the ratio of bag parameters and the SU (3) breaking ratio ξ using ensembles at the physical pion mass, so that the main reason for this extrapolation is to guide the small extrapolation of the F1 ensemble towards the physical pion mass.
Recalling how ξ is constructed from the ratio of decay constants and the square root of the ratio of bag parameters (compare (1.11)) and noting that B hs /B hl is very close to unity, we expect f Bs /f B and ξ to be very similar in magnitude, in agreement with a comment made in ref [90] . This in turn implies that with a high degree of accuracy the calculation of the SU(3) breaking ratio xi can be approximated by just studying the ratio of two-point functions required for determining pseudoscalar decay constants. 
Fit ansatz
From our simulation data we determine observables O as a function of the lattice spacing a, the finite volume V and the quark masses. To combine this with the experimental data, we need to extra/interpolate our data to the physical values of the quark masses as well as to the continuum (a = 0) and infinite volume. Since quark masses are experimentally not directly accessible quantities, we set the heavy quark mass by inter/extrapolating the results to the physical value of appropriate meson masses. We set the light quark mass by extrapolating to the neutral pion mass of 135 MeV [14] . The charm (bottom) quark mass is fixed by the heavy-light (m D -like), heavy-strange (m Ds -like) or heavy-heavy (η clike) pseudoscalar meson mass. From our previous experience [67] , we find that the chiral slope in our data and the continuum limit artifacts are well described by terms linear in
and a 2 , respectively. In the past, we further found that the heavy quark behaviour is captured well, by expanding in ∆m
where m H is the meson chosen to set the heavy quark mass, and m expand H is the point around which the expansion is performed.
We therefore describe the data O(a, m π , m H ) at given lattice spacing a, pion mass (m π ) and heavy meson mass (m H ), by the fit ansatz
To check the validity and to estimate any systematic errors induced by this ansatz, we systematically vary this ansatz and the data that enters the fit (cuts). For example, we consider the impact of various pion mass cuts, the exclusion of the heaviest data points etc. Finally, we will also estimate higher order effects that are not captured by this fit form.
Global fit strategy
In addition to the number of data points N obs of the observable under consideration (f sh /f lh , B Bs /B d or ξ), also the parameters that the expression in (4.1) depends on, enter the fit. These are the N obs values of the heavy meson mass m H (there is a corresponding meson mass for each value of the observable), the N ens values of the pion masses (one per ensemble) and the N a values of distinct lattice spacings (i.e. C1/2 and M1/2/3 share the same lattice spacings respectively). We will collectively refer to these N x ≡ N obs + N ens + N a values as x i and note that their uncertainties have to be taken into account correctly. For the meson masses m π and m H these arise from correlator fits and are therefore fully correlated between the observables and each other. However, this is not the case for the lattice spacing a, since this was determined from a different analysis including a larger set of gauge ensembles as described in refs [46, 68] . To propagate this uncertainty, we generate a Gaussian bootstrap distribution with the correct central value and match its width to the error. The fit is then carried out via χ 2 minimisation, where χ 2 is defined as 
The appropriate values of f (x i ) are given by
Since C ij is the full covariance matrix (i.e. of size N tot × N tot ), this procedure takes all correlations between the various data points (pion masses, heavy meson masses and observables) into account. In summary, the fit determines not only the parameters O(0, m phys π , m phys H ), C χ , C CL and C H but also re-determines the x values. We note that this does not add any degrees of freedom, since the same number of additional parameters that are added to the fit are also re-determined by it. For the observables considered in this work, we find that the relative error on the arguments of (4.1) are sufficiently small that the inclusion of the x-errors only has a negligible effect (i.e. the effect is far smaller than the statistical error). We check that the output values (x i ) are within errors of the input values (x i ).
Global fit results
We now present the results of the global fits described in the previous sections. We choose as our central value the results obtained from a fit to the data according to (4.1) with a pion mass cut of 350 MeV and the heavy mass being set by the heavy-strange pseudoscalar mass. The central values and statistical errors of these fits are
The coefficients obtained from these fits together with the goodness-of-fit measure χ 2 /d.o.f and the associated p-values are listed in Table 4 . We note that the three fits are excellent, producing good values p-values. This is remarkable, given the small number of fit parameters (4) and the large number of degrees of freedom (17). The left panel of Figure 8 shows the data entering our preferred fit together with the fit result (magenta band) for the case of the ratio of decay constants. The coloured bands and dashed lines show the fit function (c.f. equation (4.1)) evaluated at the respective pion masses and lattice spacings for each ensemble.
We stress that due to the high degree of correlation of the data points on a given ensemble, care needs to be taken when trying to consider the contribution to the value of χ 2 from a given data point. In the right panel of Figure 8 we present the data corrected to the physical pion mass and vanishing lattice spacing, normalised by the heavy mass behaviour. More precisely we show
This illustrates that all data points are compatible with the fit at the ∼ 1σ level. We observe the above mentioned correlations by noting that data points on a given ensemble remain at a roughly constant distance from the fit. This lends further confidence in our description of the behaviour as the heavy mass is varied. Whilst the goodness-of-fit for the presented fit is excellent, we note that the largest contribution to the χ 2 /d.o.f arises from the ensemble M0. This is conservatively addressed in our systematic error analysis by investigating different choices of pion mass cuts, leading to one of our dominant systematic errors.
To expose the functional behaviour with respect to each of the three parameters (a 2 , m 2 π and m −1 H ) expression (4.1) depends on, we shift the data points to their physical values along two of these three directions, to validate the behaviour in the third. Figure 9 shows the data points shifted to the physical pion mass and after discretisation effects have been removed. Note the change in the y-axis between Figures 8, 9 and 10. The data points display a very linear behaviour all the way from the lightest data point (below D s which is shown by the vertical dotted line) up to heaviest data point (at approximately half the B s mass, which is indicated by the vertical dash-dotted line). This linear behaviour allows us to extrapolate our results to obtain results at the b-quark mass. The difference between the data at the charm mass and at the bottom mass is only of the order of ∼ 3%, making this extrapolation very benign. We note that this is largely due to the fact that the heavy quark behaviour cancels in the ratio of decay constants. Figure 10 shows the projections of the data points shown in the left panel of Figure 8 to the physical charm quark mass, set by the D s mass. In the left (right) panel the data points are also shifted to the physical pion mass (zero lattice spacing), so that we can compare the continuum limit (pion mass) behaviour with the data. We see that the continuum limit is rather flat (cf. coefficients C CL in Table 4) , with discretisation effects of around one percent for the coarsest ensemble. The behaviour with m 2 π is stronger, as expected for an SU (3) breaking ratio, with the ensemble at m π ∼ 340 MeV differing by ∼ −6% compared to the physical pion mass. This is very well described by the linear ansatz in ∆m 2 π . We emphasise that since our simulation includes two ensembles at the physical pion mass, the main impact of this slope is to guide the small extrapolation on the fine ensemble to the physical pion mass. The same behaviour is observed for the projection to the physical b-quark mass, and we refer to these very similar looking plots (cf. Figure 23 ) in the Appendix.
For the ratio of bag parameters B Bs /B B d , the discretisation effects are very similar to the above. The chiral behaviour is suppressed with a coefficient that is roughly an order of magnitude smaller. So a pion mass of 340 MeV only leads to a difference of ∼ 1% compared to the physical value. The behaviour with the heavy mass, is very benign and similar in magnitude to the ratio of decay constants, but opposite in sign.
We can obtain the observable ξ in two ways: We can construct ξ(a, m π , m H ) ensemble by ensemble and perform the global fit (see equation (4.1)) on this quantity. Alternatively we can take the output of the global fit for f Bs /f B and B Bs /B B d and then construct ξ from these outputs (via equation (1.11)) in the continuum limit and after the extrapolation to physical masses but including all correlations. We will refer to the former as direct and latter as indirect determinations. The results with statistical error of these two are
The central value remains very stable, but the statistical error of the indirect determination . Global fit result for the ratio of decay constants. All data points are projected to the physical charm quark mass, set via m Ds . The data points on the left (right) panels are also shifted to the physical pion mass (zero lattice spacing) and hence illustrates the scaling (chiral) behaviour of our data. We slightly shift data points along the horizontal axis for better visualisation of the different data points.
is reduced by roughly 30%. This occurs due to stronger cancellations of statistical errors in the individual ratios f hs /f hl and B sh /B hl as opposed to the direct construction of ξ where some of these correlations appear to be washed out. We will therefore take the indirect determination as our preferred value. The results of the direct determination are presented in Table 4 and Figures 13 and 14 . Figure 13 again shows the data points shifted to the physical pion mass and zero lattice spacing. The heavy mass behaviour displayed is very similar to the case of the ratio of decay constants, with the data being well described by a linear term in the inverse heavy meson mass that is chosen (here m Ds -like mesons). The two panels in Figure 14 show the projections of the data points shown in Figure 13 to the physical B s mass. The same observations as in the case of the ratio of decay constants hold true for this case. However, the approach to the continuum is slightly steeper with discretisation effects on the coarsest ensemble being ∼ 2% (compare C CL in Table 4 ).
Error budget
We will now estimate the various systematic errors. These are tabulated in Figures 15 -18 , respectively) for our systematic error estimation. These cuts successively eliminate ensembles from the fit. Furthermore we consider including ("inc") all data points or excluding the heaviest data point on all coarse ("exc h/C") or all ("exc h/all") ensembles. This choice is justified, since we expect the heaviest mass points and the coarse ensembles to be most strongly afflicted by discretisation effects.
We conservatively assign a systematic error due to the chiral-continuum limit part of the fit as the maximum spread of the central values from the chosen fit. This is labelled "global chiral-CL" in Table 4 .4. We note that one of the leading systematic errors arises from the pion mass cut of 250 MeV. Whilst in principle this is the most conservative cut since it only includes those ensembles closest to the physical point, for this choice of cut only three ensembles remain in the analysis which would lead to a fully determined system, were it not for the simulation of several heavy charm quark masses per ensemble. We can observe this by looking at the coefficients C CL and C χ for fits with this cut and noting that in all cases as least one of them becomes compatible with zero.
We conservatively include this pion mass cut into our systematic error estimate, but use the pion mass cut of 350 MeV as our central value, since this better constraints the coefficients (therefore fully exploiting the third lattice spacing) whilst giving an excellent goodness-of-fit. This choice might change if additional ensembles at light quark masses became available. One desirable choice for such an ensemble would be a physical pion mass ensemble at a −1 ∼ 2.8 GeV (F0).
Recalling, that we have two ways to determine ξ, which have different statistical properties, we choose the indirect determination of ξ as our central value, as discussed in equation (4.7). For this determination, we take both, the ratio of decay constants and the ratio of bag parameters from fits with the specified cuts. For comparison we also show the results of the direct determinations as open symbols in Figure 18 .
To assess the systematic errors due to the heavy mass dependence we compare setting the heavy quark mass via a heavy-light (D and B), heavy-strange (D s and B s ) or heavyheavy (η c and η b ) pseudoscalar meson mass. These are respectively shown as diamonds, circles and squares in Figures 15-18 . The physical masses we use are given by the PDG averages given in Ref. We note that the η c contains a small quark-disconnected contribution which we neglect in our simulation. In addition to the smallness of this contribution, its effect is further . We also compare fits where we additionally include a term C 2 h 1/m H − 1/m PDG H 2 in (4.1). We note that we cannot resolve this additional coefficient from zero, since the data does not display significant curvature. The variations of the results are shown in the right panels of Figure 15 . We note that for f Ds /f D , there is no significant variation due to these choices, due to the presence of precise data in and around the charm region. For quantities involving a b quark, we require to extrapolate from the region where we have data to the B (s) or η b mass. Motivated by heavy quark effective theory (HQET) [91] we take the expansion point to be the static limit, i.e. 1/m expand H = 0) 4 . We again test the stability of our fit result by setting the heavy quark mass using the PDG values B, B s and η b as well as systematically applying cuts to the data that enters the fit. For each choice to set the heavy mass, we carry out the following variations: We estimate neglected higher order terms to be of the form
for some scale Λ. Assuming that the coefficients of this expansion are of similar order, we approximate the missing higher order contributions to be the difference between our baseline fit result and the observable evaluated at the physical heavy meson mass. At the physical pion mass, zero lattice spacing and β ≡ 0, equation (4.9) reproduces equation (4.1) if we identify α ≡ C h /(ΛC). Taking Λ = 500 MeV and conservatively allowing for a large coefficient (i.e. β/α = 5), we can substitute C H , C from the fit. We obtain ∆f Bs /f B = 0.0054 and ∆ξ = 0.0049, which we assign as a (subleading) systematic error for higher order extrapolation terms (labelled "H.O. heavy mass" in Table 4 .4). Our strategy to asses the systematic errors due to strong isospin breaking and to estimate higher order discretisation errors which are not included in our fit form closely follows [46] . Since our simulations are done with degenerate light quark masses (m u = m d = m l ), we need to account for the missing strong isospin corrections in our error budget. We estimate this, by considering the difference between using the charged or neutral pion, D and B masses. The corrections due to the pion mass are given by ∼ C χ m 2 π ± − m 2 π 0 . Using C χ from Table 4 , this amounts to 0.0009 for the ratio of decay constants and to 0.0010 for ξ. Similarly, using the slope C h with the inverse D (B) meson mass and applying it to the difference between the charged and the neutral one gives an error of 7 × 10 −5 for f Ds /f D , 6 × 10 −7 for f Bs /f B and 5 × 10 −7 for ξ. We add the relevant terms in quadrature and list them in Table 4 .4 as "m u = m d ". Assuming O(a 4 ) discretisation effects to be present, would lead to terms of the form
in the fit ansatz. Since the leading order discretisation effects are accounted for in our fit, it only remains to quantify the correction to them. Assuming that discretisation effects grow as a/Λ with Λ = 500 MeV, i.e. D CL /C CL = (0.5GeV) 2 , we can simply substitute the values for a and C CL (compare Table 4 ) to obtain the corrections such a term would lead to. From this, we find the O(a 4 ) corrections on the finest (coarsest) ensemble to be 0.0001 (0.0009) for the ratios of decay constants and 0.0003 (0.0021) for ξ. We conservatively take the error on the estimated of the corrections on the coarse ensembles and list these errors as "H.O. disc." in Table 4 .4. Finally, for the finite size effects, we evaluate the one-loop finite-volume HMχPT expressions given in Ref. [90] for our choice of pion masses and volumes. For a reasonable choice of parameters we find the maximal deviation to be less than 0.18%, which we assign as a the finite size error as listed in Table 4 .4.
Results and comparison with the literature
The results of our analysis are summarised in Table 4 .4. We will now compare our values with those published in the literature. Figure 19 . Comparison of our result (magenta star and band) with results from the literature for the (isospin symmetric) ratios of decay constants f Ds /f D (left) and f Bs /f B (right). The squares, circles and diamonds correspond to N f = 2+1+1, N f = 2+1 and N f = 2 flavour calculations. The black triangles show the averages published in the 2016 FLAG report [45] for the given number of sea quark flavours with the results entering this average shown below these black triangles. References for all the displayed data points are given in the text. For f Ds /f D we find excellent agreement with our previous result [46] which was obtained on the same ensembles but with a different choice of discretisation for the charm quarks. There is also no significant tension with the published literature [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] or the averaged values presented by FLAG [45] . We note that other than in this work, there are still only very few computations including data directly calculated at the physical pion mass [46] [47] [48] .
Ratio of decay constants
For the ratio f Bs /f B there are a variety of different results using different methods in the literature [47, 53, 55-62, 64, 92] . We note that some of the results in refs [58, 62] have been carried out on a subset of the ensembles (C1/2 and M1/2/3) used in this study, however using different choices for the heavy quark discretisation. Besides the use of a fully relativistic formulation, our results improve upon these by the inclusion of physical pion mass ensembles and a third lattice spacing, leading to a more than three-fold reduction in error.
We note that in FNAL/MILC 17 [47] and RBC/UKQCD 14A [58] , no isospin symmetric result for the ratio f Bs /f B is quoted. For the comparison in Figure 19 we instead take the correlated average of the results quoted for f Bs /f B ± and f Bs /f B 0 which are plotted as the red square [47] and the blue circle [58] in the right panel of Figure 19 . Whilst our result is comparable with most determinations at the 1σ level, we see a 1-2σ tension with the FNAL/MILC17 [47] , HPQCD17 [61] and HPQCD13 [59] results. However, all three of these works have been performed on overlapping gauge ensembles and are therefore correlated. Prior to this work, only two fully relativistic fermion actions have been employed as heavy quark discretisation, namely the HISQ action in ref [47] and the twisted mass action in refs [53, 55, 59, 60] . Other than the result presented here, only one computation [47] with physical pion masses is currently available for f Bs /f B .
Neutral meson mixing
Figure 20 summarises the current status of the literature for the mixing parameter ξ and the ratios of bag parameters B Bs /B B d [55, [62] [63] [64] [65] . We note that compared to the ratio of decay constants, there are far fewer computations for these observables, none of which use physical pion mass ensembles. This is the first calculation for ξ and B Bs /B B d which includes ensembles with physical pion masses. The only other result [55] that employs a fully relativistic set-up is presented in the N f = 2 calculation using twisted mass fermions. We obtain a similar error with a somewhat smaller central value for the quantity ξ compared to ref [63] . Ref [63] used the PDG [93] average of the decay constants f Bs /f B to obtain the ratio of bag parameters, resulting in a larger error for this quantity. For the ratio B Bs /B B d , our result is two times more precise than the previously most precise value obtained by [55] .
We stress that our systematic errors differ from most other lattice computation since due to the use of a chiral action the decay constants and bag parameter renormalise multiplicatively and therefore cancel in the the considered ratios. As a consequence, our computation is free from lattice renormalisation uncertainties.
Phenomenological implications and extraction of CKM matrix elements
Having obtained SM predictions for the ratios of decay constants f Ds /f D and ξ, we are now in a position to combine these with experimentally observed quantities to obtain ratios of CKM matrix elements. Treating the experimental averages from the first two lines of (1.2) as uncorrelated we obtain |V cd /V cs | = 0.1830 ( Were we to consider the decay rates of the individual charged decays or the individual mass differences ∆m q for q = s, d, we would have to correct for electromagnetic effects before extracting V cd , V cs , V ub , V td or V ts from the pure QCD entities f D (s) and f B (s) B B (s) .
However, given that D + s and D + and respectively B 0 s and B 0 are identical when replacing the s by the d quark, and both of these have the same charge, we assume that these effects are highly suppressed in the ratios we consider.
Inserting the lattice results, propagating the errors and assuming that there are no new physics contributions in the experimental measurements leads to the ratios 1.8) ). We anticipate, that the global fit values will change as a result of this work.
The error on the ratio |V cd /V cs | is currently dominated by the experimental uncertainty. For |V td /V ts |, the situation is reversed and the theoretical uncertainty dominates the error. This work improves on this by providing a first computation based on chiral fermions with physical pion mass ensembles.
Conclusion and outlook
We have, for the first time, predicted the SU (3) breaking ratios B Bs /B B d and ξ in a calculation based on ensembles with physical pion masses, therefore eliminating any large chiral extrapolations. Furthermore, we present for the first time, results for SU (3) breaking ratios in the B (s) mesons systems obtained from an all-domain wall calculation. We have illustrated that such ratios display a very benign behaviour from below the charm mass to ∼ half the bottom quark mass and that lattice artefacts in our choice of discretisation are small for these observables. We found that nearly all of the SU (3) breaking effects observed in the difference of ξ from unity, arise from the ratio of decay constants f Bs /f B . This yields the to-date most precise computation of the ratio of CKM matrix elements |V td /V ts |.
Looking forwards, we anticipate the generation of a third ensemble with physical pion masses, at the same lattice spacing as our currently finest ensemble (F1). This will address our leading systematic error, namely the chiral-continuum limit extrapolation. It will allow to lower the pion mass cut to ∼ 250 MeV whilst still constraining the continuum limit with three lattice spacings.
Based on the presented dataset we are also working on the mixed action renormalisation, to deduce the decay constants f D (s) , f B (s) and the standard model bag parameters B B (s) . We will also address the full set of beyond the SM four-quark operators for B (s) -mixing and the short distance contribution to D −D mixing. This will be analogous to the computation presented in [94] for the Kaon sector.
A Results of correlation function fits
In this section we list the relevant results of the correlation function fits for the two point functions (Table 6 ) and the three point functions ( 
B Results of the global fit
Here we list the results of the global fits for the SU (3) breaking ratios f Ds /f D (Table 8) , f Bs /f B (Table 9) , B Bs /B B d (Table 10 ) and ξ (Table 11) . Table 11 . Results of the global fit for ξ. 
